We study the motion of a magnetised, highly conductive fluid within the framework of Newtonian gravity. Our analysis examines whether and under what conditions magnetohydrodynamic flows can be represented as hydrodynamic ones and then as Newtonian-type gravitational motions. In the latter case we define a generalised effective density and an effective Poisson-type potential, which include the magnetic input and determine the dynamics of the magnetised system. Introducing the dynamical equivalence of the aforementioned two representations, we use it to test mass measurements based on purely gravitational motions. We also provide the generalised Raychaudhuri equation corresponding to the aforementioned effective potential and discuss its implications for the kinematics of the fluid.
Introduction
The widespread presence of magnetic fields in the universe has been repeatedly verified [1] [2] [3] . Despite this, however, the role and the implications of magnetism are very often bypassed. The main reasons are the perceived weakness of cosmic magnetic fields and the fact that they introduce extra complexities to any given astrophysical or cosmological problem. Magnetism modifies the behaviour of matter in complicated ways and its effects are known to play an important role in solar physics, accretion disc environments, turbulent motions, and neutron stars as well as the interstellar medium [4] [5] [6] . In addition, it is very * E-mail: spyrou@astro.auth.gr likely that large-scale magnetic fields could have affected the evolution of protogalactic collapse and therefore the formation of the large-scale structure observed in our universe today [7] [8] [9] [10] .
Here, following [11, 12] , we consider the magnetohydrodynamic (MHD) motion of a highly conducting, selfgravitating fluid within the framework of Newtonian theory. We first show that, under certain conditions, the MHD flow of the matter (Sec. 2) can be represented as a simple hydrodynamical flow (Sec. 3) and subsequently as a purely gravitational, Newtonian-type motion of an idealised 'virtual' medium (Sec. 4). Introducing the dynamical equivalence of these two motion representations, we can then relate the internal physical characteristics of the aforementioned two fluids in a straightforward way. The result is an algebraic relation between the densities of the virtual and the physical fluids, which also depends on the magnetic field properties (Sec. 5). The aim is to use these general relations to test the accuracy of mass measurements based on purely gravitational motions and examine whether ignoring non-gravitational forces can lead to appreciable differences in the estimated mass.
Newtonian MHD flows
Consider a highly conductive perfect fluid with massdensity ρ and isotropic pressure and allow for the presence of a magnetic field B α . 1 Assuming a gravitational potential U, the Newtonian motion of the fluid is described by the following set of equations (e.g. see [13] [14] [15] )
where G is the gravitational constant, α is the velocity of the medium, , where αβµ is the 3-dimensional Levi-Civita tensor. As usual, indices are raised and lowered by means of the 3-dimensional Kronecker symbol δ αβ . Finally, the magnetic field obeys the induction equatioṅ
and satisfies the condition
Eq. (2) describes the flow of the magnetised medium. The first term on the right-hand side is due to purely gravitational effects, the second represents the contribution of the fluid's pressure gradients and the third is the magnetic Lorentz force. This term decomposes as
with
. The first term on the right-hand side of the above equation corresponds to the isotropic magnetic pressure and the second to the field's tension. 1 Greek indices take values between 1 and 3. Repeated indices indicate summation.
MHD flows as hydrodynamic motions
Neglecting momentarily the tension stress in Eq. (6), while keeping the isotropic magnetic pressure, reduces Euler's Eqs. (2) to˙
Then we can describe the non-gravitational/non-inertial motion of the fluid as coming from an effective pressure, which is given by the quantity in the parentheses. The question is whether one can set the tension part of the Lorentz force equal to zero, while keeping its pressure component finite. 
and the magnetised fluid has an effective isotropic pressure given by P = + 1 8π
Moreover, to describe the MHD flow we no longer need Eq. (2). Instead, we can use a considerably simpler equation of hydrodynamic form such as (10) . The simplest flow that can sustain such a tension-free magnetic field is one where there is only homogeneous volume expansion/contraction, while both the vorticity and the shear vanish. In that case ∂ The above guarantees that once the tension-free conditions B α = (B 1 0 0) and B 1 = B 1 ( 2 3 ) have been imposed initially they remain so throughout the system's evolution. Generally, the magnetic field will contribute to both the pressure and the tension parts of the Lorentz force. Therefore, the next question is whether there exist conditions such that the latter can be represented by the gradient of a scalar. This happens when the Lorentz force is curl-free, which translates into the constraint
We may probe the above condition further by splitting the gradient of the magnetic field into its irreducible parts according to the decomposition
Note that in the ideal-MHD limit, the magnetic field is solenoidal and the trace of ∂ β B α vanishes identically (see Eq. (5)). Also, ∂ β B α describes anisotropies in the distribution of the B-field gradient and may be seen as the magnetic analogue of the kinematic shear. On the other hand, ∂ [α B β] = ε αβµ curlB µ and corresponds to the vorticity. Substituting decomposition (15) into (14) , using the MHD condition (5) and employing some lengthy but straightforward algebra, we can split the left-hand side of Eq. (14) into its irreducible parts and recast that expression into
Note that when B β ∂ β curlB α = 0, the magnetic curl does not change along the direction of the field lines, which 2 Round brackets indicate symmetrisation, square antisymmetrisation and angled ones denote the symmetric and trace-free part of second rank tensors. Then,
Recall also that the second-rank tensor ∂ β α splits as
where ∂ implies that the latter are circular. Magnetic configurations that satisfy constraint (16) -or equivalently (14)-have curl-free Lorentz force, which then can be represented by the gradient of a scalar. Also, any B-field that complies with the tension-free condition (8) obviously conforms with (14), (16) as well. Finally, consider a B-field that satisfies condition (14) and therefore has a curl-free Lorentz force. The latter is then represented by the gradient of a scalar. Moreover, the magnetised system can be represented by an effective (virtual) fluid with effective pressure (P), such that
To solve for P, introduce the tensorial quantity R αβ with
and ∂ β R α β = 0 because of (17) . Taking the trace of the above we arrive at
where m = B 2 /24π is the isotropic magnetic pressure and R = R α α . Thus, the magnetic contribution to Eq. (2) is equivalent to that of a "virtual" perfect fluid with an effective magnetic pressure equal to the sum m +R. Given that m is the isotropic magnetic pressure, R should be related to the anisotropic pressure of the field. Indeed, the gradient of (19) gives
with π αβ = (B 2 /3)δ αβ − B α B β describing the standard anisotropic magnetic pressure.
MHD flows as Newtonian gravitational motions
According to standard thermodynamics, for an isolated hydrodynamic system, the first thermodynamic axiom reads
where Q and Π are the specific thermal content and the specific internal energy of a fluid element, respectively.
In the previous section we examined the conditions under which the MHD flow of a highly conductive magnetised perfect fluid corresponds to the hydrodynamic motion of a virtual fluid with effective isotropic pressure P = + m + R. Here, we assume that for the physical system in question (i.e. fluid plus magnetic field), expression (21) takes the form
with representing the (effective) specific thermal energy of the magnetised medium and P given by Eq. (19) . Then, imposing isentropicity (and therefore adiabaticityi.e. dQ = 0 -see also [16] ), we may combine (21) and (22) to obtain the relation
between the thermodynamical variables of the virtual fluid. Note that both fluids have been assigned the same volume and is the effective specific internal energy of the virtual medium.
Following this result, we can recast the equations of motion of the magnetised fluid (see (2) ) into the Newtonian form˙ α = ∂ αŨ (24)
So, as long as the isentropic condition (23) holds, the Newtonian MHD flow of a highly conductive magnetised perfect fluid can be represented by the "purely gravitational", Poisson-type motion of a virtual medium under the modified potential (see Eq. (25)). This effective potential can then be used to introduce an effective density of the virtual fluid via a Poisson-type equation of the form
whereρ is the 'virtual' density of the virtual fluid that corresponds to the geodesic flow. 3 In the next section we will expressρ in terms of the quantities of the original magnetised fluid. 3 It should be noted that the virtual fluid does not necessarily satisfy the continuity equation. In particular, ∂ ρ + ∂ α (ρ α ) = 0, unless further constraints are imposed on the magnetised medium. Nevertheless, mass continuity and adiabaticity are independent requirements within the framework of the Newtonian theory [16] .
Relation between physical and virtual densities
Substituting (25) into Eq. (26) and then using (3) and (23), we arrive atρ
This relation depends entirely on the physical properties of the magnetised fluid, which are encoded in the gradient of the scalar quantity P, given by (19) . Inserting the latter into the above and employing some straightforward algebra leads tõ
In the absence of a B-field the above reduces to the expression relating the density of a physical, hydrodynamically moving, Newtonian fluid to that of its virtual counterpart with a purely Newtonian motion [11, 12] . In particular, the second term on the right-hand side of the above is due to the fluid pressure, while the last two primarily convey the magnetic field contribution. The induced density due to the fluid component is
while its magnetic counterpart is defined by
According to Eq. (28), treating a Newtonian MHD flow as a purely Keplerian motion means that the actual density of the system is related to the virtual one that produces the generalised geodesic flow bỹ
The above relation between the virtual and the actual densities implies that astrophysical mass-energy measurements that are based on purely gravitational motions will generally overestimate or underestimate the available amount of matter, depending on the overall sign of the last two terms in right-hand side of (31). 4 In particular, we have ρ >ρ, when ρ (P) + ρ (B) < 0, and ρ <ρ, when ρ (P) + ρ (B) > 0. As a simple example, consider a magnetic field aligned along the 1 
where B 2 = (B 1 ) 2 . Let us now focus specifically on the effects of the magnetic pressure and ignore those of the matter. In other words, assume (mainly for illustration purposes) that ∂ α 0 ∂ α ρ, referring the reader to [11, 12] for a discussion on the role of nonzero pressure and density gradients. Following (32), in the pure-magnetic case we have
and the sign of the magnetically induced effective density coincides with that of the Laplacian ∂ 2 B 2 . Positive values for the latter indicate an increase in the pressure of the Bfield, while negative ones correspond to a decrease. In an expanding magnetised fluid, for example, the field lines are pushed apart and therefore the magnetic pressure drops. This makes ρ (B) negative and consequently ensures that ρ >ρ (see Eq. (31)). In the opposite case the situation is reversed. To obtain a qualitative estimate of the magnetic effect on the total density recall that ∂ 2 B 2 ∼ B 2 /λ 2 B , where λ B is the scale of the magnetised region. Then, substituting (33) into Eq. (31), while ignoring ρ (P) , we arrive at
with the plus/minus sign corresponding to a positive/negative Laplacian (see above). Following expression (34), the magnetic presence will have a appreciable impact on the total density (and therefore on the available matter) of the region in question if the parameter
in Eq. (34) is of order unity or larger. Whether this happens or not depends on the specifics of the situation and on the strength of the B-field in particular. For example, the mean density within an area of 1 pc around the galactic centre is approximately 3×10 5 M /pc 3 . In that case the α-parameter exceeds unity provided the magnetic field is of the order of 1 G or stronger. Further out, in a region of 10 pc size, the mean density drops down to 3×10 3 M /pc 3 . There, we require magnetic fields stronger than roughly 10
G, if we are to achieve values greater than unity for the α-parameter. One additional point to be made is thatρ could also be seen as the total effective density of the magnetised system. Then, expression (31) allows for positive, negative or zero effective density, depending on the balance of the quantities on the right-hand side. In that case, taking the divergence of (24), switching the order of the time and spatial derivatives and using (26) leads tȯ
where the scalar Θ = ∂ describes relative changes in the volume of the total fluid. The latter contracts when Θ is negative and expands in the opposite case. 5 Expression (36) is the effective Raychaudhuri equation of our magnetised medium. Positive variables on the right-hand side of (36) lead to gravitational contraction and potentially collapse. Negative terms, on the other hand, resist the contraction and might lead to expansion. Therefore, matter fields with positive density cause collapse. In our case the total effective density of the system is not necessarily positive (see (31)). This means that, under certain conditions, the fluid may experience expansion instead of contraction. Note that an analogous result can be obtained by taking the divergence of Eq. (24) and then substituting the generalised potential from (26) -see [17] [18] [19] for further details and discussion. 
Discussion
Magnetic fields are standard features of almost all astrophysical environments and their presence is known to affect their evolution in complicated ways. In the present article we have considered the implications of the presence of a magnetic field for the mass-energy estimates of such astrophysical systems. We are motivated by the fact that almost all mass measurements made are based on the assumption of idealized purely Newtonian-type gravitational motions, although this is only approximately true at best. To find out what ignoring the actual MHD motions means for the accuracy of an obtained mass-energy estimate, we have employed a rather simple theoretical argument which extends the work of [11, 12] to magnetised environments. We have shown, in particular, that the MHD flow of the actual physical fluid can be represented as a purely gravitational motion of a virtual medium under a different, generalised gravitational potential. By implementing the dynamical equivalence of these two motions we were able to evaluate and compare the massenergy densities in each case directly. In this framework, any difference found indicates a misevaluation, namely, an overestimation or an underestimation, of the available mass-density due to the assumption of purely Newtoniantype gravitational motions. We have also written the effective Raychaudhuri equation, which describes the average kinematics of the fluid, in terms of the aforementioned generalised potential. This allows us to see qualitatively the effects of the virtual density on the volume expansion or contraction of the fluid. Given that the virtual density is not a priori positive, its effect on the average kinematical behaviour of the fluid depends on the magnetic presence as well as the internal properties of the medium.
